Abstract. Ecological communities can lose their permanence if a predator or a competitor is removed: the remaining species no longer coexist. This wellknown phenomenon is analysed for some low dimensional examples of Lotka-Volterra type, with special attention paid to the occurrence of heteroclinic cycles.
Introduction
A favourite theme in theoretical ecology is the relationship between complexity and stability (May 1973; Svirezhev and Logofet 1983 ). An interesting aspect of this is the role of a top predator in an ecosystem. Paine (1966) has shown that after removal of the top predator from an intertidal community consisting of 16 species, the number of surviving species dropped to 8 within a couple of years. Thus the occurrence of parasites may increase the diversity of a community. (This seems to have a parallel in human societies.)
Mathematical analyses have to stick to lower dimensional models of such phenomena. Their prototype was introduced by Parish and Saila (1970) . These authors showed by computer simulation that in a two-prey, one-predator model of Lotka-Volterra type, the absence of the predator may shorten the time of coexistence of the two-prey species. A local stability analysis of the two-prey, one-predator equilibrium was performed by Cramer and May (1972) and, in a more general setup, by Fujii (1977) , Vance (1978) and Hsu (1981) . This showed that the three species may coexist in stable equilibrium while the two-prey subsystem admits no equilibrium. But the stable coexistence of species is not necessarily related to the existence of an asymptotically stable equilibrium. This was pointed out in Hutson and Vickers (1983) where the two-prey, one-predator model was fully analysed from the point of view of permanence (see Sect. 2). We shall adopt this approach and investigate some four-dimensional ecological equations in the same spirit. In particular, we shall study the joint effect of two supplementary competing species (or one competing and one predating species) upon a bistable community, thus complementing Kirlingers (1986) work on two-prey, two-predator systems. We shall also investigate the effect of a predator (or a competitor) upon an ecological community consisting of three cyclically competing species which was originally studied by May and Leonard (1975) . This yields examples where the removal of the top predator turns a four-species system into a one-species system, and where it is completely impossible to predict which species will be the survivor. Before turning to these examples, we shall briefly sketch some recent results on permanence for Lotka-Volterra equations. One point of this note is to show how these results facilitate the analysis of threeand four-dimensional systems considerably.
Permanence for Lotka-Volterra models
Like the authors mentioned above, we shall describe the ecological models by Lotka-Volterra equations, being more interested in general properties of the interaction networks than in specific biological situations. If Xx ..... x, describe the species densities, their evolution is described by This is a dynamical system on the positive orthant leaving the boundary faces invariant. Such a system is said to be permanent if there exists a compact set K in the interior of R~_ such that if x,.(0) > 0 for all i, then _x(t) e K for all t sufficiently large. Thus no species will tend to extinction. If (1) is permanent, there exists a unique fixed point in the interior of the orthant, but this equilibrium need not be stable. We refer to Hofbauer and Sigrnund (1988) for a survey on permanence. Here, we shall only use two results, both related to the notion of a saturated rest point.
A fixed point z of (1) is said to be saturated if ri <~ (Ag)i for all i for which z~ = 0. (If z,. > 0, then the fixed point z must satisfy ri = (A_z)i.) The expression r~ -(Az_)~, which we shall sloppily denote by 2i/xi, is a transversal eigenvalue of the Jacobian of (1) at _z, in the sense that the corresponding (left) eigenvector is ei and hence transversal to the boundary face {x e R~_ : x s = 0 whenever zj = 0} containing _z. If g were not saturated, there would exist a missing species whose rate of increase 2~/xi is positive if it is introduced in a small amount. A fixed point in int R n is trivially saturated. 
